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Abstract 

In [J. Math. Phys. 40, 1237 (1999)] Kudaka and Matsumoto derive the uncer- 
tainty relation c 2 AmAr > ti/2 between the rest mass m and the proper time r, by 
considering the Lagrangian M(f — c" 1 ^— g^ u x^ x v ) + eA^{x)x^ . In this note we 
give an alternative derivation based on a special case of the time-like geodesic equation 
obtained using the general relativistic Lagrangian g^ v . 
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In an interesting paper [1] published in this journal, Kudaka and Matsumoto derive the 
uncertainty relation 

c 2 Am At > | (1) 

between the rest mass m and the proper time r, by considering a Lagrangian in which the 
proper time is included as a dynamic variable like the positions x l . Specifically, they consider 
the Lagrangian 

L = M{t - c-^-g^ix) x» x v ) + e^(i)F (2) 

and find, as a result of their analysis, that the energy E = mc 2 is the generalized momentum 
conjugate to the proper time, and that r, E, x\ and Pi are canonical variables of the system. 
Consequently the corresponding operators 

f, E, x\ Vl (^ = 1,2,3), 



satisfy the commutation relations 

[E,f] = [x i ,p i ]=ih, (3) 

the relation [E, f] = ih in (3) giving the uncertainty relation (1). 
In the present note we give an alternative derivation of Eq. (1). 

It is well-known [2] that in general relativity the equations governing the time-like 
geodesies in a space-time with the line element 

ds 2 = 9ilv dx" dx u (4) 

can be derived from the Lagrangian 

_ — dec dec f _ , 

2^ = 9,-^^. W 
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where r is the proper time. For the Schwarzschild space-time, the Lagrangian is (from now 
on we use units in which c = H = G = 1) 



2m\ . 9 

-) ( 



2/i2 / 2 ■ 2 n\ ±2 

r 9 — (r sin n 



2m 



(6) 



where the dot denotes differentiation with respect to r. The corresponding canonical mo- 
menta are 



Pt = 

Pr = 
P<t> = 



dC 

~dt 
dC 

dr 
dC 



2m\ ■ 

— )t, 

r J 



1 r 

r / 



= (r 2 sin 2 ^)0, 



r, 



(7a) 
(7b) 
(7c) 



and 



The resulting Hamiltonian is 



p e = = r 0. 
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(7d) 



H = p t i- (p r r + p e 9 + p^) - £ = £. 



(8) 



From the equality of the Hamiltonian and the Lagrangian it follows that 



H = C = constant. 



(9) 



For time-like geodesies, 2C has the value +1. Integrating the equations 



— = — = and dp< fr = _^£l = q 
dr dt dr d<fi 



(10) 



one gets 



(2m\ 
1 J t = constant = £ (say) 
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and 



Ptf, = r 2 sin 2 9 <j> — constant. 



(12) 



Moreover, from the equation 



dr dr 



= (r 2 sin#cos#)0 2 , 
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(13) 



it follows that if we choose 9 = n/2 when 9 = 0, then 9 will also be zero; and 9 will maintain 
the value n/2. In other words, the geodesic is described in an invariant plane given by 
9 = 7r/2. Equation (12) then gives 



V4> — r2 — constant = L (say), 



(14) 



where L denotes the angular momentum about an axis normal to the invariant plane, say 
the x-y plane. With (11), (14) and C = 1/2, Eq. (6) for the time-like geodesic becomes 



£ 2 



^2 



2m 



2m 



L 2 

~Z2 



1 

2' 



(15) 



For the special case when both the constants of integration £ and L are zero, Eq. (15) 
reduces to 

i _ rn ' 

(16) 



1 , 2 m 1 



2 r 2 

It is easy to see that Eq. (16) describes the region r < 2m, r being zero at r = 2m. 

For the Kerr space-time the Lagrangian in the equatorial plane (for which 9 = and 9 
a constant = 7r/2) is [2] 



2£= 1 



2m \ 



t 2 + 



4am ■ ■ r z 



-t(f) - —r z 
r A 



[r 2 + a 2 ) + 



2a 2 m 



(17) 
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where a is the angular momentum per unit mass of the inner region and 



A = r 2 - 2mr + a 2 . (18) 

Following (see pp. 326-328 of ref. [2]) in an analogous manner as in the Schwarzschild case, 
one obtains, in terms of the constants of integration £ and L, 



(19) 



as the equation for the time-like geodesic. For the special case when both the constants of 
integration £ and L are zero, Eq. (19) reduces to 

1 .9 a 2 m 1 /,™x 
-f 2 + — = — . 20 

2 2r 2 r 2 V ; 

Note that Eq. (20) reduces to Eq. (16) when a = 0, signifying that the Schwarzschild 
solution is a special case of the Kerr solution. Note also that Eq. (20) can be rewritten as 

^-7-4 <»> 

r being given the meaning of a Euclidean vector. Equation (21) is simply a generalization 
of Eq. (16). It describes the region r < 2m, f being zero at r = 2m. With 

x l = r sin 9 in cos 4> in , x 2 = r sin 6 in sin <f> in , x 3 = rcos0 in , 

2 2,2,2 j 2 • 2 , • 2 , • 2 '-2 

r = x 1 + x 2 + x 3 , and v = x 1 + x 2 + x 3 = r , 
Eq. (21) is rewritten as 

l -v 2 - ™ = -1. (22) 
2 r 2 K J 

It is also well-known [3] that the three-dimensional Kepler problem, Eq. (22), is equivalent 
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to a four-dimensional harmonic oscillator. Below we briefly sketch how it is so, by use of a 
matrix transformation known as the Kustaanheimo-Stiefel (KS) transformation [4]. 
Let us define the column matrices 



X = 



( \ 

Xi 

x 2 
x 3 

V / 



/ . \ 

Xi 



and S = 



X 



( \ 

S\ 

v 54 J 



( . \ 

si 



(23) 



(24) 



x 2 . s 2 

and S = 

where x±, x 2 , x 3 and s 1? s 2 , s 3 , s 4 are, respectively the three-dimensional and four- 
dimensional Cartesian coordinates, and xi, x 2 , x 3 and si, s 2 , S3, S4 are the corresponding 
velocity components. The KS transformation which transforms the coordinates is given by 



X = AS, 



(25) 



and that which transforms the velocities (or momenta) is given by 



X = -s- 2 AS, 
2 



(26) 
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where s 2 = sf + s\ + S3 + s\, 



S3 


-s 4 


Si 


-s 2 


s 4 


S3 


s 2 


Si 


Si 


s 2 


-S3 


-S4 


s 2 


-si 


-s 4 


S3 



(27) 



and 



s- 2 AA = 1, 



(28) 



A being the transposed matrix and 1 the unit matrix. It is to be emphasized that (25) and 
(26) are independent transformations. From Eqs. (25), (26) and (28), one obtains 



2 2,2,2 4 
r = x 1 + x 2 + x 3 = s 



(29) 



and 



v = x 



r? + xj + xj = -L s 2 = -L (a? + si + a§ + ^) . 



4s 2 4s 2 

Using (29) and (30) it is straightforward to show that Eq. (21) transforms into 



(30) 



^m ho s 2 + ^m ho u 2 s 2 = m, 



(31) 



with m ho = mass of the four-dimensional harmonic oscillator =1/4 and u = 2. 

Note that in Eq. (31) m corresponds to the total classical energy (E), the proper time r 
to the Newtonian time (t), and the quantum equation that corresponds to (31) is 



1 4 / d 2 \ 



2m ho f^i \dsf 



(32) 



In (32) (n + 1), n — 0, 1, ... are the eigenvalues of the operator m. Consequently the Heisen- 
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berg uncertainty relation [5] AEAt > h/2 (inserting c and h) simply translates into 

c 2 Am At > -. 

~ 2 

For application of the quantum equations that correspond to (16) and (21) to the black 
hole physics, the interested reader may refer to refs. [6-8]. 
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